Abstract. The self-organization of porous nanostructures in anodic metal oxide is considered. A mathematical model which incorporates the chemical reactions at the metal-oxide and oxide-electrolyte interfaces and elastic stress caused by the electrostrictive effects is developed. It is shown through linear stability analysis, that a short-wave instability exists in certain parameter regimes which can lead to the formation of hexagonally ordered pores observed in anodized aluminum oxide.
Introduction
During the process of anodization in acidic electrolytes, some metals will form a uniformly thick oxide barrier layer on the surface of the anode. As the applied voltage to the anode is increased, the thickness of this barrier layer will in turn linearly increase with the voltage [1, ch.6] . In certain metals, such as aluminum [2, 3] , titanium [4, 5, 6] , zirconium [7] , niobium [8] , tantalum [9] , tungsten [10] and tin [11] , the surface of the barrier layer can become unstable, causing pores to form in the oxide. These nanostructured materials have found applications in many areas such as catalysts, gas sensors and coatings for batteries. In particular, aluminum has parameter regimes in which these pores will self-assemble in hexagonally ordered arrays as shown in Fig. 1 [12, 13, 14, 15] . These pores can have aspect ratios as high as 1:1000 with diameters of the order 10-100 nm [16] .
Anodized aluminum oxide (AAO) has vast scientific and industrial applications as well. In the past, AAO has been used to greatly improve the surface properties of aluminum [1, 17] , and recently, due to the pore sizes and array regularity, it has gained great interest Figure 1 : SEM micrograph of AAO hole configuration. Reprinted in part from Ref. [12] with permission of AAAS (1995) c .
as a template for the fabrication of many nanoscale particles such quantum dots, nanowires and nanotubes [18, 19, 20, 21] . While many experimental advancements have been made in the last few decades to refine AAO production [22] , the theoretical understanding of porous AAO formation is still in its infancy.
In [23, 24] , the steady growth of a single pore was studied, and a long-wave linear stability analysis was performed on a similar model in [25] . Works such as [25, 26, 27] , however, lack any physical mechanism to damp short-wave disturbances, and in [28] , the surface energy effects induced by the deformable interfaces were proposed as a possible mechanism to provide this short-wave cutoff. In [29] , the effects of interfacial diffusion at the metal-oxide interface were investigated, and in [30] , the effects of a field-dependent oxide conductivity were explored. The model proposed by Singh et al. in [31, 32] included the contributions of elastic stress to the surface activation energies, and it was shown that these effects can result in a short-wave instability which can explain the formation of hexagonally ordered pores. The validity of this model was explored experimentally in [33, 34, 35, 36] .
In this work, we propose an alternative elastic effect to that studied in [31, 32] . While Singh et al. examined elastic effects resulting from epitaxial stress at the metal-oxide interface, we will instead consider the effect of electrostriction induced by the electric field as a possible mechanism for pattern formation. Electrostrictive effects have been suggested before as a possible mechanism for the initial pattern selection during anodization [37] , but a thorough analysis of any mathematical model has yet to be carried out. We will additionally use the Butler-Volmer relations to model charge flux at the metal-oxide and oxide-electrolyte interfaces as well the stress contributions to the activation energies at these surfaces. We use linear stability analysis on a basic state solution of our system to show that electrostriction can indeed lead to a short-wave instability, which is necessary for the self-assembly of ordered porous arrays. We also present a dispersion relation which can be used to predict typical pore diameters and spacings along with phase diagrams which predict parameter regimes for barrier-type, ordered-porous and disordered-porous oxides. As aluminum oxide can exhibit barrier layers as well as both ordered and disordered porous arrays, we will assume the anode to be aluminum, although the analysis can be easily generalized to other substrate materials.
Problem Formulation
We begin by analyzing the effects of the electric field E on the deformations within the oxide layer. The oxide can support electric fields of the order |E| ∼ 10 9 V/m [1, ch.6], and as the electrostrictive coefficients of Al 2 O 3 have been observed to be of the order 10
[38], we expect strains to be around 0.1%. These deformations will destroy the isotropy of the dielectric permeability 0 and replace this scalar quantity with the rank-2 tensor ij . The state of the deformed layer can be described by the linearized strain tensor with the kinematic relationship
where the operator ∂ i denotes the partial derivative with respect to the i th spatial coordinate, and the elements u i are components of the displacement vector u. As these quantities will be typically small, the perturbations to the dielectric permeability can be truncated to first order. The most general form for the adjusted dielectric tensor of an isotropic body is hence
where δ ij is the Kronecker delta, and Einstein notation is used for the summation over repeated indices. From this expression, it can then be shown that the corresponding stress tensor becomes
where σ (0) ij is the stress tensor in the absence of the electric field [39] . Using the elastic moduli of Al 2 O 3 and the above assumptions about the magnitude of the strain, we expect α and β to be of the order 10
We can use Hooke's law to write this tensor in terms of the strain as
where µ is the shear modulus and ν is the Poisson ratio. We set the z-coordinate to be perpendicular to the initially planar anode surface and represent the metal-oxide (MO) and oxide-electrolyte (OE) interfaces as z = h 1 (x, t) and z = h 2 (x, t) respectively with x = (x, y) as shown in Fig. 2 . As the thickness of the anode is on a far larger scale than typical pore dimensions, we will approximate the metal substrate to be infinitely deep. Within both the metal anode and the oxide film, mechanical equilibrium can then be appropriately modeled by the Navier equation
where the superscripts (m, o) denote the metal and oxide phases respectively. Note that the electric field is not present in the metal substrate. Furthermore, in writing the charge flux (or current density) of the oxide layer in terms of the field potential as j = σ 0 E = −σ 0 ∇ϕ and assuming the conductivity σ 0 to be constant, the conservation of charge, ∇ · j = 0, reduces to the Laplace equation for the potential
The deformation vector components u m,o i will then satisfy
With the bulk equations established for the metal substrate and oxide layer, we must next determine appropriate boundary conditions at the interfaces between the metal, oxide and electrolyte as well as far field conditions in the anode away from the oxide. Far from the MO interface, we will assume that any deformations in the metal due to the electrostriction of the oxide layer will decay, so we have
At the MO interface, we will assume continuity in the deformations as well as a stress balance
where the outward normal n (1) points into the oxide. At the OE interface, the liquid electrolyte will be assumed to be stress-free, so the stress balance at this interface becomes
with the normal n (2) here pointing into the electrolyte. We can express these normal vectors in terms of the given interface shapes as
To establish boundary conditions for ϕ, we first assume the potential at the MO interface to be set at the constant applied voltage 13) and at the OE interface, we have the charge flux balance:
Here, j n is the normal component of the charge flux, and K ± are the rates of the forward (+) and reverse (−) oxide dissolution reactions. One can use the Butler-Volmer relations to express these rates as
where k ± are the reaction rate constants for a planar interface in the absence of the electric field or stresses. The constant η = q e /(2k B T ), where q e is the electron charge, k B is the Boltzmann constant, and T is the absolute temperature. The symmetry factor has been taken to be 1/2 for simplicity, which has been observed in many systems [40] . The activation surface energies are γ [23] . To complete our model, we prescribe conditions for the normal velocities
at each interface. We will assume that the evolution of each interface will be determined by the electrochemical reactions that sustain the current in the electrolytic cell which gives
17)
The constants a, b ± are Faradaic coefficients relating the interfacial currents to the rate of the interface motion.
Basic State
We start by calculating a basic state of the system, where we use bars to denote basic state solutions. We assume an oxide layer of barrier type which implies interfaces that are planar and hence only depend on time h 1,2 =h 1,2 (t). In the metal substrate, we havē 
where E is the electric field. The stress and strain tensors are constant, and the only nonzero elements are given as
Note that this merely renormalizes the rate constants
The remaining boundary conditions give a system for the field E and the layer thickness
This system will always relax to a steady state under the sufficient conditions a > b ± which gives
and this oxide layer of constant thickness L will propagate with the uniform velocity v = aσ 0 E into the substrate. For physically relevant solutions, we must additionally have b
for L > 0. Note that this barrier layer thickness scales linearly with the voltage as seen in experiments [1, ch.6] . See [32] for a more detailed analysis of a basic state solution in this form. This steady state corresponds to a barrier layer in which the dissolution of the oxide into the electrolyte is balanced by the oxidation of the anode, and it is upon this state which we will perform a linear stability analysis.
Linear Stability Analysis
We now examine the linear stability of the basic state solution. For convenience, we change to the moving coordinate frame with speed v in the negative z-direction and set the origin to be coincident with the MO interface. In this frame, 
After linearizing the system, we obtain the governing equations for the deformation vector perturbation componentsũ 6) with the linearized boundary conditions
for i = {1, 2, 3}. The oxide potential perturbation,φ, is governed by
with the linearized boundary conditions
(4.13)
For brevity, we have defined the constants
Finally, the evolution of interfacial perturbations is given by
We next write the perturbations in the form 19) where the normal mode φ(x, t) = exp(ωt + iq · x) with wave vector q and corresponding growth rate ω. As the fields are isotropic, we take the wave vector q = (q, 0) without loss of generality, where q > 0. This choice of wave vector decouples the fieldsû
from the system, so we can solve for them separately. We are given
with the boundary conditionsû The remaining system of deformation eigenfunctions in the metal substrate are 27) for z ∈ (−∞, 0), and in the oxide layer, at z = 0, (4.32)
for k = {1, 3}. The oxide potential eigenfunctionφ is governed by
The interfacial evolution is reduced to the algebraic equations 
If we then apply the deformation continuity conditions (4.31), the constants c m 1,3 can be written as
(4.47)
After integrating the electric field equation (4.34) within the oxide and applying the voltage condition (4.35) at the MO interface, we can write the potential eigenfunction aŝ
where b is an arbitrary constant. The remaining boundary conditions are more complicated, so we express them as the system Λv = 0, where the vector of
). This matrix can be decomposed as Λ(ω, q) = Ω(ω) + Q(q), and if we take the first two rows of Λ to correspond to the the interfacial velocity conditions, then the nonzero elements of Ω are given as
We have listed the elements of Q in the appendix. For v to be nontrivial, the matrix Λ must be singular which gives the dispersion relation
The coefficients C i (q) can be calculated as
) + det(Q (2) ), C 2 = det(Q (1, 2) ), (4.51) where Q 
Results and Discussion
The dispersion relation given by Eq. (4.50) has two roots, ω 1,2 (q), which describe the growth rate of a mode with the wave number q. In the limit of spatially homogeneous perturbations (q → 0), these roots take the form N/V 2 .
The coefficients Σ 1,2 characterize the stress contributions to the basic state stability in this limit. In the absence of stress effects, the system can only yield long-wave instabilities which usually lead to the growth of irregular arrays of pores seen in other oxide materials such as titanium as well as AAO for certain parameter regimes [31, 32] . Taking typical electrochemical [43, 42, 41, 15, 44] , electrostrictive [38] and elastic [45, 46, 44, 47] parameter values, we numerically obtain the roots of Eq. (4.50) and find that ω 2 (q) < 0 for all values of q, and ω 1 (q) will give the desired short-wave instability shown in Fig. 3 (parameters are listed in the caption). The wave number of the most rapidly growing mode for these parameter values is q c ≈ 0.027 nm
which corresponds to pore spacings of about 230 nm and pore diameters of this order as well. Usually, systems which lack a reflection symmetry in the general solution vector will lead to the formation of hexagonal patterns near the onset of a short-wave instability [48, 49] . This can be explained by analyzing the system as its perturbations enter a weakly nonlinear regime, where the next order terms will be quadratic. In Fourier space, the hexagonal pattern is characterized by the superposition of three modes with wave vectors (q 1 , q 2 , q 3 ) of equal moduli such that q 1 + q 2 + q 3 = 0. The quadratic nonlinearity produces the modes corresponding to the sum of two wave vectors in the annulus of instability about |q| = q c , as shown in Fig. 4 . Thus, in the case of a hexagonal pattern, the modes produced by the quadratic nonlinearity will grow and be in resonance with the primary modes. This explains the ubiquity of hexagonal patterns in systems with quadratic nonlinearities exhibiting short-wave (Turing-type) instability.
We can also use the dispersion relation to calculate boundaries in parameter space indicating regions of stability and both short-wave and long-wave instabilities, which corre- spond to barrier-type, ordered-porous and disordered-porous oxide layers respectively. These boundaries are determined by the system of equations 4) and typical plots are presented in Fig. 5 . Fig. 5(a) shows the phase diagram in the (α, β) parameter plane. One can see that the instabilities transition from long-wave to short-wave type to a damped regime as both α and β increase. Fig. 5(b) shows the phase diagram in the parameter plane of the applied voltage and electrolyte pH. One can see that as the pH is increased, the window for short-wave instability rapidly narrows, and lower voltages are required to obtain this instability. This diagram is similar to that obtained in [32] . We must also discuss the limitations of our model. We note that the dependence of the critical wave number, q c , on the applied voltage seems to disagree with experimental evidence. While the dispersion relation predicts the critical wave number to increase with the voltage (i.e. a decrease in excited wavelengths), it has been observed that pore spacings and diameters increase linearly with the voltage [15, 23, 43 ]. In our model many effects have been neglected for simplicity, and while electrostriction appears to damp long-wave disturbances and lead to short-wave instability, the inclusion of additional mechanisms might yield the proper voltage dependence.
Conclusion
A mathematical model to describe the spontaneous self-assembly of nano-scale pores in AAO has been formulated. We have included the effects of electrostriction to the strains within N/V 2 . Remaining parameters are the same as for Fig. 3 .
the oxide layer and metal substrate along with the charge flux at the MO and OE interfaces described by the Butler-Volmer relations. A basic state solution of the system was calculated corresponding to an oxide layer of barrier type in which the oxidation of the metal substrate is balanced by the dissolution of the oxide into the electrolyte. The linear stability analysis of this state revealed that electrostrictive effects can induce the short-wave instability necessary for the hexagonal pattern selection observed in porous AAO. We have also presented phase diagrams which give parameter regimes for expected barrier-type, ordered-porous and disordered-porous oxide layers. We can hence conclude that electrostriction can act as a possible mechanism for the formation of hexagonally ordered pores in AAO.
Appendix
The elements of Q are listed as follows. The interfacial velocity conditions (4.38)-(4.40) give
and
The charge flux (4.36)-(4.37) at the OE interface gives 
